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Abstract 

We investigate the teleportation of a quantum state using a three-particle entangled W state. 
We compare and contrast our results with those in Ref.[ll| where a three-particle entangled GHZ 



state was used. The effects of white noise on the average teleportation fidelities are also studied. 
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The linearity of quantum mechanics allows building of superposition states of composite 
system that cannot be written as products of states of each subsystem. Such states are called 
entangled. States which are not entangled are referred to as separable states. An entangled 
composite system gives rise to nonlocal correlation between its subsystems that does not 
exist classically. This nonlocal property enables the uses of local quantum operations and 
classical communication to transmit information with advantages no classical communication 
protocol can offer. The understanding of entanglement is thus at the very heart of quantum 
information theory ^|. In recent years, three-particle entangled states have been investigated 
by a number of authors [13, llJ, lla ll2l ll^ • They have also been shown to have advantages 

nn 

over the two-particle Bell states in their application to dense coding 115|| , teleportation 



0, Q , and cloning Q, . 
0,0, 



In Refs. Il7l |. Dur et al. pointed out that the three-particle entangled GHZ state 
P], while maximally entangled, is not robust in that if one of the three particles is traced 
out, the remaining two-particle system is not entangled as measured by several criteria. 
On the other hand, another three-particle entangled W state j^, which is inequivalent to 
the GHZ state under stochastic local operations and classical communication, is robust in 
that it remains entangled even after any one of the three particles is traced out. More 
recently. Sen et al. [19| showed that A^-particle entangled W states, for > 10, lead to 
more "robust" (against white noise admixture) violations of local realism, than A-particle 
entangled GHZ states. The GHZ and W states thus exhibit very different properties when 
subjected to physical processes like state loss, or white noise. In Ref.jlll, A. Karlsson and 
M. Bourennane demonstrated teleportation of a quantum state using three-particle GHZ 
state. In this paper, we review the Karlsson-Bourennane quantum teleportation scheme 
recasting it in the language of density operators and quantum operations. We then 
study the consequences of replacing the three-particle GHZ state in their scheme with a 
three-particle W state. Finally, we investigate how the presence of white noise affects the 
teleportation capability of the three-particle GHZ and W states. We conclude with some 
remarks on future research. 

We begin with a review of the quantum teleportation protocol Pq of A. Karlsson and 
M. Bourennane [llJ. It involves a sender, Alice, an accomplice, Cindy, and a receiver. Bob. 
Alice is in possession of two two- level quantum systems, the input system 1, and another 
system 2 maximally entangled with both a third two-level system 3 in Cindy's possession. 
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and a fourth two-level target system 4 in Bob's possession (i.e. a three-particle entangled 
GHZ state). Initially the composite system 1234 is prepared in a state with density operator 

^total ^ ^ ^,GHZ 
(7^234 = TTl ® X234 

where 

^i = |^^)i(^|, |V;)i = cos^|0)i + e^^sin^|l)i, (1) 
0<^<7r, O<0<27r are the polar and azimuthal angles respectively, and 

Xijf ^ = \GHZ)^:,^{GHZl \GHZ),,, = -^(|000)234 + |111)234). (2) 

Here, we use |0) and |1) to denote an orthonormal set of basis states for each two-level 
system. To teleport the input state tti to Bob's target system 4, Alice performs a joint Bell 
basis measurement on systems 1 and 2, described by operators H12 (S> /34, /34 is the identity 
operator on the composite subsystem 34, j labels the outcome of the measurement, 

H}2 = |$+)i2($+l, n?2 = |$-)i2($-|, nl, = n^2 = I*")i2(^-|, (3) 

where 



I'^'^)l2 = ^(|00)i2±|ll) 
1 
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1^^)12 = ^(|01)l2± 110)12) 



are the Bell states. If Alice's measurement has outcome j, she broadcasts [20| her measure- 
ment result (two-bit) to Cindy and Bob via a classical channel. The joint state of Cindy's 
system 3 and Bob's target system 4 conditioned on Alice's measurement result j is given by 

/44 = -tri2[(Hi2 ® /34)(^i ® xSf ^)], (4) 
Pj 

where 

Pj = tri234[(ni2 ® /34)(vri ® xlf^)]. (5) 

Substituting Eq.(l) to Eq.(3) into Eq.(5) yields pi = P2 = Ps = Pa, = \- Next, Cindy 
performs a von Neumann measurement on system 3, described by operators H3 ® J4, I4 is 
the identity operator on subsystem 4, k labels the outcome of the measurement, 

n^ = l/^+)3(/"+l, iil = \^i-)s{fi-\, 
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|^+)3 = smu\0)3 + COSI/|l)3, 

|/i~)3 = cosz/|0)3 - sini/|l)3, (6) 

< < f • If Cindy's measurement has outcome k, she communicates her measurement 
result (one-bit) to Bob via a classical channel. The state of Bob's target system 4 conditioned 
on Cindy's measurement result k is given by 

pf = —tT,m®h)pi,] (7) 

Qjk 

where 

= tr34[(ng®/4)/44]- (8) 
Substituting results from Eq.(4) and Eq.(6) into Eq.(8), we obtain 

qn = q2i = q32 = q42 = cos^ ^ sin^ u + sin^ ^ cos^ z/, 

912 = q22 = q31 = ?41 = COS^ ^ COS^ U + slu^ ^ slu^ U. (9) 

For Bob to successfully complete the teleportation protocol, he performs a j- and k- 
dependent unitary operation on system 4 (see Table I) such that 

rt = Utpfut, (10) 

where U^^ could either be the identity matrix or one of the Pauli matrices: 







<Jr. = 1 I , cr„ = I , 

The success of the teleportation scheme can be measured by the fidelity 0] between the 
input state 7rj„ and the output state rO^t, averaged over all possible Ahce's and Cindy's 
measurement outcomes, j and k respectively, and over an isotropic distribution of input 
states '^in'' 

(F) = ^ r r sin 9dedcl> P3 E Q^kF^' (11) 

where 

F^-^-^tr(riW). (12) 
It follows from Eq.(l) and results from Eq.(lO) that 

pll _ f21 _ p32 _ p42 _ (cos' f sin Z/ + sin' f COS 

cos"' 2 + sm cos^ v 



(cos^ ^ COS V + sin^ % sin z/)^ 



^12 ^ ^22 ^ ^31 ^ ^41 ^ ^— 2— ,VV^2' • (l^) 



COS"' I cos^ z/ + sm I sm z/ 
Substituting results from Eq.(5), Eq.(9) and Eq.(13) into Eq.(ll) gives 

(i^) = ^ + ^sin2z.. (14) 

The average teleportation fidelity (F) is thus dependent on Cindy's von Neumann measure- 
ment on system 3, specified by v. When v = \i F^^ = 1 for all j and k, and we have 
(F) = 1. 

Now, we again consider the quantum teleportation protocol Pq of A. Karlsson and M. 
Bourennane but instead of Alice, Cindy and Bob sharing a three-particle entangled 
GHZ state, they share a three-particle entangled W state. That is, the initial composite 
system 1234 is prepared in a state with density operator 

total „ 
<^1234 = TTl ® X234 

where 

X2'^4 = |W^)234(W^|, 11^)234 = ^(1001)234 + |0 10)234 + |100)234). (15) 

Consequently, the joint state of Cindy's system 3 and Bob's target system 4 conditioned on 
Alice's measurement result j is given by 

Pi4 = ^tri2[(ni2 ® /3)(7ri ® X2'^4)], (16) 
Pj 

where 

Pj = tri234[(ni2 ® /3)(7ri ® xZa)]- (17) 
Substituting Eq.(l), Eq.(3) and Eq.(15) into Eq.(17) yields 

1 6 

Pl=p2 = -(1 + COS^-), 

1 6 

P3 =P4 = g(l + sin2-). (18) 

And, the state of Bob's target system 4 conditioned on Cindy's measurement result k is 
given by 

pf = ^tr3[(n^®/4)p^34] (19) 

where 

qjk = tT3iml^h)pi^]. (20) 



Substituting Eq.(6) and results from Eq.(16) into Eq.(20) yields 



qi2 



q2i 



q22 



q32 



1 + cos^ 1 


— sin^ 1 cos 2z/ + sin 9 cos (, 


6 sin 2i/ 




2(1 + cos2 |) 




1 + cos^ 1 


+ sin^ 1 cos 2i^ — sin 9 cos c, 


b sin 2i^ 




2(1 + cos2 1) 




1 + cos^ 1 


— sin^ 1 cos 2z/ — sin 9 cos ^ 


6sin2z/ 




2(1 + cos2 f ) 




1 + cos^ 1 


+ sin^ 1 cos 2z/ + sin 9 cos <; 


6sin2z/ 




2(1 + cos2 f ) 




1 + sin^ 1 


— cos^ 1 COS 2z/ + sin 9 cos <; 


6 sin 2z^ 




2(1 + sin^ I) 




1 + sin^ 1 


+ cos^ 1 COS 2z/ — sin 6* cos c, 


b sin 2i^ 




2(1 + sin^ 1) 




1 + sin^ 1 


— cos^ 1 COS 2u — sin 5 cos c. 


6sin2z/ 




2(1 + sin^ I) 




1 + sin^ 1 


+ cos^ 1 COS 2z/ + sin 9 cos <; 


6 sin 21/ 




2(1 + sin^ 1) 
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542 = TT— T^-eT ■ (21) 

2(1 + sm |) 

Bob then performs a j- and fc- dependent unitary operation U^^ on system 4 (see Table II) 
such that 

ff = Ui''fP,^ut\ (22) 

The fidelity 7] between the input state 7rj„ and the output state fo^f, averaged over all pos- 
sible Alice's and Cindy's measurement outcomes, j and k respectively, and over an isotropic 
distribution of input states 7rj„ is therefore 

sin 9d9d(f) 

j=i k=i 
where 

F^-^^tr(fiV.n). (24) 
It follows from Eq.(l) and results from Eq.(22) that 

i sin^ 9 cos^ z/ + sin 9 cos 6 sin 2i/ + 2 sin^ 1/ 



(F) = ^ r r sin 9d9dcj> jz E QjkF^' (23) 



F 



11 _ 2 



F 



1 + cos^ I — sin^ I cos 2i/ + sin 9 cos sin 2u ' 

-,^2 2 cos^ ly — sin ^ cos (f) sin 2z/ + ^ sin^ 9 sin^ z/ 
1 + cos^ I + sin^ I cos 2^ — sin 6* cos 4> sin 2z/ ' 



p2i \ siii^ 6 cos^ y — sin 6 cos sin 2^ + 2 sir? v 

1 + cos^ I — sin^ I cos 2z/ — sin Q cos sin 2v ' 

2 cos^ V + sin ^ cos sin 2z/ + ^ sin^ ^ sin^ v 

1 + cos^ I + sin^ I cos 2v + sin ^ cos sin 2z/ ' 

^3-^ \ sin^ ^ cos^ z/ + sin Q cos sin 2z/ + 2 sin^ 

1 + sin^ I — cos^ I cos 2z^ + sin Q cos sin 2z/ ' 

2 cos^ — sin Q cos sin 2z/ + ^ sin^ 6* sin^ z^ 



F 
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1 + sin^ ^ + cos^ f cos 2v — sin 6* cos sin 2z/ ' 



I sin^ 6* cos^ z^ — sin Q cos sin 2z/ + 2 sin^ z^ 

1 + sin^ I — cos^ I cos 2z/ — sin Q cos sin 2z/ ' 

2 cos^ z/ + sin 6* cos sin 2z^ + | sin^ Q sin^ z^ 
1 + sin^ I + cos^ I cos 2z^ + sin Q cos sin 2z/ 

Substituting Eq.(18), Eq.(21) and Eq.(25) into Eq.(23) gives 



(25) 



which is better than any classical communication protocol j5|, |6|, |12 1 . The average teleporta- 
tion fidelity (F) is therefore, in contrast to Eq.(14), independent of Cindy's von Neumann 
measurement on system 3. This is consistent with Table II, where we observe that Bob's 
necessary unitary operation IJ^^ on system 4 depends only on Alice's measurement result 
j. In fact, the same average teleportation fidelity can be obtained for both outputs at tar- 
get systems 3 and 4, in a different teleportation protocol Pi, where Cindy plays the same 
receiver role as Bob: 

~ 1 /"TT /'27r 4 ^ 

(F,) = — / / sin^d^rf0 Y.hPl (27) 
47r Jo Jo 

where s = 3 or 4, and are as given in Eq.(18), 

, Us\ . -i-y f t/-'(tr4p^34)?7^t if s = 3 
Fl ^ tr(fi(f TT.O, r^(^^ = \ ^ . (28) 

[ W^{ixfp\:)\J^^ if s = 4 

with P34 given by Eq.(16), and IJ^ as in Table III. Substituting Eq.(l) and results from 
Eq.(16) into Eq.(28) yields 

pi _ pi _ F2 _ p2 _ 1 + cos^ I sin^ I 

1 + COS"' I 

p3 _ p3 _ p4 _ p4 _ 1 + COS^ 2 sin 2 /'9Q\ 
-^3 ~ -^4 ~ -^3 ~ -^4 ~ -I I . 1 e ■ 

1 + sm I 



It therefore follows from Eq.(18) and Eq.(29) that 

Fs = F, = ^. (30) 

This is in contrast to the average teleportation fidelity of Pi using a three-particle entangled 
GHZ state instead where 

(F3) = (F4) = I 

However, we have to point out that generalizing the new protocol Pi to one involving an 
A^-particle entangled W state: 

xtN-,l = \W)2-N+l{Wl 
\W)2...N+1 = ^(|0 ■ ■ ■ 01)2...iV+l + |0 ■ ■ ■ 010)2...iV+l + ■ ■ ■ + |10 • ■ ■ 0)2-N+l) (31) 



/N 
with 

fJi^) = U\tT,...s-iss+i...N+ipi...N+i)U'\ s = 3, ■ ■ ■ , AT + 1, (32) 
where are as given in Table HI, 

fi-N+i = ^tri2[(H{2 ® /3...7v+i)(7ri ® xZ-N+i)]^ 
Pj 

P3=p4 = ^[l + (iV-2)sin2^], (33) 

which give via Eq.(28), 

2 e ■„2 e 



pi^p2^ l + (iV-2)cos^|sin 
1 + (iV - 2) cos2 " 



ps^p..^ 1 + (iV - 2) cos^ I sin^ I 

^ ^ l + (iV-2)sin2| ^ ^ 



and therefore. 



(ft) - (35) 



It is clear from Eq.(35) that {Fs) < | for > 4. This is consistent with the picture 
that in such a scheme as Pi, the information encoded in -Km is evenly distributed among 
the receivers, and is "spread even thinner" with an increasing number of such receivers. 
Naturally, we would expect the average teleportation fidelity to deteriorate, in agreement 
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with the no-cloning theorem p]. So, if one wishes to have an output state with an average 
fidehty greater than |, one would have to modify Pi such that it involves less number of 
receivers. Therefore, measurement of the sort in Pq is necessary As a matter of fact, 
Cindy's measurement in Pq does allow Bob to obtain a perfect copy of the input state, 
albeit only probabilistically. For instance, when Alice's measurement result is j = 1, Cindy 
could perform a von Neumann measurement on system 3 with = |, then with probability, 
Eq.(21), 



1 



1 + C0S2 f 



Bob could receive a perfect copy with F^^ = 1. 

Finally, we study the effects on the average fidelity of the Karlsson-Bourennane telepor- 
tation protocol Pq 11| due to the presence of white noise. We want to compare the effect 
on the three-particle GHZ state with that on the three-particle W state. To this end, we 
consider 



= y^X2,T + (1 - w)\hzA. (36) 



and 



X^4 = «'X^4+ (1-^)^^234, (37) 

where < w < 1 is called visibility in Ref. It defines to what extent the quantum 
processes associated with X2il'^ (X234) visible in those given by x'iii^ (X234)- w = 
no trace is left of these x^'f^ (X234) generated processes, and if w = 1, we have the full 
visibility, not affected by any noise. Relpacing X2ii^ Eq.(4) and X234 Eq.(16) with 
Eq.(36) and Eq.(37) respectively, and going through essentially the same calculations, we 
obtain for the three-particle GHZ state, 

1 l + 2sin2i/ l + 2sin2i/,^ , 
+ 1 1 (38) 

and for the three-particle W state, 

(^) = ^-^(l--). (39) 

Once again, (F) is independent of Cindy's measurement on system 3, and it decreases at 
a constant rate with resepct to {1 — w). More interestingly, the rate of decrease of (P) 
with respect to (1 — w) depends on Cindy's measurement on system 3, specified by v. (P) 
decreases at a higher rate when Cindy's measurement yields a higher (P). 



In conclusion, we recast the teleportation scheme Pq of A. Karlsson and M. Bourennane 



ll| in the language of density operators and quantum operations. This allows us to inves- 
tigate the consequences of replacing the three-particle GHZ state in their original scheme 
with a three-particle W state. We compare and contrast our results with theirs. We are 
also able to study the effects of white noise on the average teleportation fidelity. However, 
it is not clear if Pq (or Pi) is optimal, i.e., if there exist more general completely positive 
maps rather than the unitary operators U^^ (or [/■'), which could yield a higher average 
teleportation fidelity. It would also be interesting to see how the average fidelities would 
change when the GHZ and W states are being subjected to other types of noise. 
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Alice's measurement result j Cindy's measurement result k Bob's unitary operation U^^ 
111 

1 2 a, 

2 1 a, 

2 2 1 

3 1 ax 

3 2 <Jy 

4 1 ay 
4 2 ax 



TABLE I: 

Bob's unitary operations conditioned on both Alice's and Cindy's measurement results, when 
Alice, Cindy and Bob share a three-particle entangled GHZ state. 



Alice's measurement result j Cindy's measurement result k Bob's unitary operation U^' 



1 


1 




1 


2 




2 


1 


ay 


2 


2 


ay 


3 


1 


I 


3 


2 


I 


4 


1 




4 


2 





TABLE II: 

Bob's unitary operations conditioned on both Alice's and Cindy's measurement results, when 
Alice, Cindy and Bob share a three-particle entangled W state. 
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Alice's measurement result j 
1 
2 
3 
4 



Bob's unitary operation 

ay 
I 



Cindy's unitary operation 

ay 
I 



TABLE III: 

Bob's and Cindy's unitary operations conditioned only on Alice's measurement result, when 
Alice, Cindy and Bob share a three-particle entangled W state. Cindy does not perform any von 

Neumann measurement on system 3. 
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